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Analytic functions play a very important role in mathematics and its
applications in science. Analytic functions bridge the gap between exact and
approximate computations.

One way to identify an analytic function is based on its power series expansion
(Weierstrass’ approach). The coefficients of a power series expansion of an analytic
functions carry all the information about properties of this function, including the
property of its analytic continuation. This problem and the closely related problem
of relationships between singularities of power series and its coefficients have been
extensively studied in the last century by Hadamard, Lindel6f, Polya, Szego, Carlson
and many other prominent mathematicians.

Most effective and complete results were obtained for simple (one-dimensional)
series with coefficients interpolated by values (k) of an entire function ((z) on the
natural numbers k£ € N.

According to Abel’s theorem, the domain of convergence for a one-dimensional
series 1s a disc, therefore, if its sum extends analytically beyond this disc, it extends
across some boundary arc. This arc is called the arc of regularity. A description of an
open arc of regularity was given in the papers by Arakelian. In terms of the indicator
function of the interpolating entire function he gave a criterion for a given arc of a
unit circle to be an arc of regularity for a given power series.

Polya found conditions for analytic continuability of a series to the whole
complex plane except some boundary arc.

The other side of the problem of analytic continuation is the problem of

distribution of singularities of a power series, i.e. points such that the sum of series



does not extends across them. In this context, the situations where all the boundary
points are singular are of special interest. Such analytically nonextendable series are
mainly “strongly lacunar”, in other words, these series have “many” monomials with
zero coefficients. Examples of such series are
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Already in 1891 Fredholm constructed examples of “moderately lacunar”

nonextendable series representing infinitely differentiable functions in the closure of
the disc of convergence. These series depend on a parameter a and have the following

form
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It should be emphasized that approach to the study of analytic continuation formulated
above has been mainly applied to functions of one variable. In the case of multivariate
power series many similar questions remain open. Moreover, the applications of
multivariate complex analysis in mathematical physics, for example in quantum field
theory and thermodynamics, motivate further research in this area.

The aim of this thesis is to find multidimensional analogs of theorems of
Arakelian and Polya on the analytic continuability of a power series across parts
of the boundary of the domain of convergence. Also, to describe the conditions for
analytic continuability of a power series whose coefficients are interpolated by entire
or meromorphic function, and to construct multidimentional examples of Fredholm
series of moderately lacunar power series with natural boundaries of the convergence
domains.

In the investigation we use methods of multivariate complex analysis, in
particular, integral representations (Cauchy, Mellin, and Lindel6f representations),
multidimensional residues, properties of power series. An important role in the study
is played by interpolation of the power series coefficients by analytic functions from

such classes as entire functions of exponential type or special meromorphic functions.
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Accordingly, we use some facts on the growth of interpolating functions, i.e. elements
of complex potential theory.

In the question on the natural boundary of the domain of convergence we use
the Kovalevskaya phenomenon on the unsolvability of the Cauchy problem for the
heat equation with temperature initial data.

The main results:

We give a criterion for analytic continuability of a multivariate power series
across a boundary polyarc. The criterion is given in terms of asymptotic behaviour
of the entire function interpolating the coefficients.

We find conditions for a univariate series to extend locally across a boundary
arc and conditions for extension into a sectorial domain by using meromorphic
interpolation of the coefficients.

Also, we construct a lacunar scale for power series of one variable nonextendable
beyond the disc of convergence that represent infinitely differentiable functions in
the closure of the disc. This scale includes the Fredholm series, using this scale we

construct examples of multivariate series in the unit polydisc with similar properties.



HNPOJOKUMOCTD CTEHHEHHBIX PA10OB ITIOCPEACTBOM
AHAJIMTUYECKUX UHTEPHOJISLMNA KOPPUITUEHTOB

Mxkprusin Asnekcanap J:xkanudexoBu4

AnanuTtndeckue (GyHKIIMU UTPAIOT BAKHYIO POJIb B MATEMAaTHUKE U PA3JIMYHBIX HAyKaxX
TOYHOTO €cTecTBO3HAaHMS. OHU COCTABIISIOT IJIACT MAaTEMATHKH, JIEKAIIUA HA CTHIKE
MEXy TOYHBIMHU BBIYMCICHUAMU U NMPUOIMKEHHbIMU. OJMH U3 CIIOCOOOB MACHTHU-
¢uKauMy aHaIUTHYECKOM (YHKIIMM OCHOBAaH Ha PA3JIOKEHUU €€ B CTENEHHOU psj
(momxon Beiiepmrpacca). Ha s3p1ike koa(pduIIMEHTOB psija MOKHO OMHMCHIBATH CBOM-
CTBa aHAJIUTUYECKON (QPYHKIMHU, BAXKHEHIIIUM U3 KOTOPBIX SIBJISIETCS CBOMCTBO aHaJM-
TUYECKON MPOJOJKUMOCTH pAJia 3a MPeAeiibl ero 0oaacTu cxoaumocTu. Takast mpo-
OjemMaThKa aHAJIUTHYECKOTO MPOJOIKEHHSI, a TaKKe OMMCAHMS CBA3EH MEXKIY OCO-
OCHHOCTSIMU CTENEHHBIX PSIIOB U WX KO3 UIIMEHTaMH aKTHBHO HCCIEA0BAjach B
OPOILIOM CTOJETHUH B paborax Anamapa, Jlunneneda, Ilonua, Cere, Kapncona u
MHOTHUX JPYI'MX U3BECTHBIX MaTeMaTUKOB.

Haunbonee ahdextrBHbIE M 3aBEepIICHHBIC PE3yIbTaThl ObUTH MOJYYEHBI IS
IPOCTHIX (OAHOMEPHBIX) PSAIOB, Y KOTOPHIX KOADPUIMEHTHI psijia HHTEPIOIUPYIOTCS
3HaueHUAMH (k) 1enoi GyHKIuu ¢(z) Ha MHOXKECTBE HATYpaJbHBIX umcel: k € N.

CornacHo ieMmme Abensi 00JIacTh CXOJUMOCTH OJHOMEPHOTO psijia — KPyrosas,
MO3TOMY pe€4b O MPOJOIKMMOCTH CYMMbI CTEIIEHHOTO psifa 3a Mpenebl o0nactu
CXOJUMOCTH MOXXHO BECTH Ha SI3bIKE IPAHUYHOM NyIH, yepe3 KOTOPYI0 BO3MOXKHO
npoaospkeHue. Takas ayra HaswIBaeTcsl dyeou pecynaprhocmu. ONHUCAHUE OTKPBITOU
IYTU PETYISIPHOCTH OBUIO CHENIAaHO B CTaThsiX ApakelsiHa. B TepMuHaX MHIUKATPH-
Chl pOCTa MHTEPIOJIUPYIOMIEH 1eNoi (QYyHKIIMW UM JAaH KPUTEPUM IS TOTO, YTOOBI
BbIOpaHHasl Ayra €IMHUYHOW OKPY>KHOCTH ObLIa IyTOil peryisipHOCTH JJi1 paccMmar-
pUBAEMOTO psijia.

ITonna IIOJIYUHJI YCJIOBHA I IIPOAOJDKMMOCTHU pslia Ha BCHO KOMIIICKCHYIO



IJIOCKOCTh, KPOME HEKOTOPOW I'PAHUYHOM IYTH.
Taxxe m1yO0oKo M3ydeHa mpoliemMa HaXOXKACHUS MHOXKECTB CHUHTYJISPHBIX TO-

YeK psAna, T.e. TOYEK, Yepe3 KOTOpbIE CyMMa psiia HE IpomoipkaeTca. B Takon 1mo-
CTAaHOBKE yKa3aHHOH MpoOsieMbl 0c000€ MECTO 3aHMMAaET CUTYallus, KOTrJa BCe rpa-
HUYHbBIE TOYKH 0COOBIE, TO €CTh KOTJa CyMMa psAJla HE MPOJIOJIKAETCS Yepe3 TPaHUILY
CBOEH 007acTH CXOOUMOCTH. B OCHOBHOM, MpuUMEpHI PAIOB, AHATUTHUYECKU HEIPO-
JOJDKUMBIX 3a MPEIEibl CBOETO Kpyra CXOAMMOCTH, OTHOCATCS K CEPUM “‘CHIIBHO Ja-
KYHAapHBIX PAIOB, UHBIMH CJIOBaMH, Y 3THX PSAOB “‘MHOTO” MOHOMOB C HYJIEBBIMH
ko3 punreHTamu. TakOBBIMU psAJIaMU SIBJISIIOTCS CIIEYIOLIUE:
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Eme B 1891 ®dpenrosbm nocTpousia NpuMepsl “yMEPEHHO JIaKyHApHBIX~ HEMPOAOJI-
KUMBIX PSJOB, MPUYEM IPEACTABISIOMUX OeckoHeuHO AuddepeHumpyembie PpyHK-
MU B 3aMBIKAHUU UX KPYTd CXOAUMOCTH. DTH PAAbI 3aBUCAT OT MMapameTpa a U OHH

UMEIOT BUJL
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31ech cTeneHp n°

UMEET MOPAIOK POCTa 2 OTHOCUTEIBHO MHIEKCA CYMMHUPOBAHUS
n, T03TOMY OyZieM TOBOPHUTH, 4To psiibl Dpearonbma UMEIOT MOPSIOK JIAKYHAPHOCTH
1Ba.

Crnemyer 3aMeTUTbh, YTO 0003HAYEHHBIN BBIIIE MOAXOM K MCCIEAOBAHUIO MPO-
OJIeMbl aHATTUTUYECKOTO MPOJIOHKEHUS B OCHOBHOM OBLT peaiu30BaH JJIsi CTEIIEHHBIX
PAIIOB OJHOTO MEPEMEHHOro. Mexly TeM, B MHOTOMEPHOU T€OPUU CTEIEHHBIX Psi-
JIOB B ATOM 0OJACTH MCCIICOBAHWN MHOTO BOIPOCOB OCTABAIHCH OTKPBITBIMH IO
HEJJABHETO BPEMEHH. AKTYaJIbHOCTh TaKMX UCCIEAOBAHUM MOTHUBHPYETCS KaK BHYT-
PEHHUMU 3alIpOCaMU MHOTOMEPHOTO KOMIUJIEKCHOTO aHajin3a, TaK W MPUIOKEHUSIMHU

B MareMaTu4eckoi (u3uke, HalpuMep, B KBAHTOBOM TEOPUU TOJISI U TEPMOJAMHAMUKE.

I.[e.m;m pa6OTBI ABIICTCA HAXOXKIACHHUC MHOI'OMCPHBIX dHAJIOTOB TCOPCM Apa—
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kensiHa v [Tonua 00 aHaIUTHYECKOM MPOAOIKEHUH CTEIIEHHOTO psJla uepe3 KyCKH U3
IPAaHUIIBI €r0 00JIACTH CXOJMMOCTH, ONUCAHUE YCIOBUS IPOAOIKUMOCTH CTETIEHHOTO
psaa, kodh(GUIKUEHTH KOTOPOTO WHTEPHOIUPYIOTCS 3HAYCHHUSMU IEJIONH WIH MEpo-
Mop(hHON PYHKIHH, TOCTPOEHNE MHOTOMEPHBIX (peHoMeHoB Dpearoabma yMEPEeHHO
JaKyHapHBIX CTEMCHHBIX PSJOB C €CTECTBEHHBIMHU T'PAaHMUIIAMHU CBOUX OOIacTeil CXo-
JTUMOCTH.

MeToanbl uccaea0BaHuA

B ocHOBe ucciieoBaHus JIEKAT METOAbl MHOIOMEPHOIO KOMIUIEKCHOTO aHa-
Ju3a, B YACTHOCTHU, MCHOJB3YIOTCS TEXHUKA MHTErpalibHbIX mpeacTtaBieHui (Komw,
Memnmmna, JInaaeneda), anmapar MHOTOMEPHBIX BEIYETOB M CBOWMCTBA CTENIEHHBIX Psi-
JIOB.

BaxxHyo ponb urparor HHTEpHOIAINH KOA(DPHUITMEHTOB CTENIEHHOTO ps/ia 3Ha-
YEHUSIMU aHAUTUTHYECKUX (QYHKIHUM TaKWUX KJIACCOB, Kak Ieyble (DyHKIIMH SKCTIOHEH-
[[MAJILHOTO THNA WIKM ClielaibHbie MepoMopdHbie PyHKIMU. B cBA3M C 3TUM HC-
M0JIb30Baach MH(OpMAIUA O POCTE UHTEPIONUPYIOMUX (QYyHKIHM, T.e. GparMeHThl
KOMIUIEKCHOW T€OPUU MOTEHIHMAJIA.

B Bonpoce 00 ectecTBeHHOM IpaHUIle 00JIaCTH CXOAUMOCTH UCTIONB3YETCs Ues
¢denomena KopasieBckoit 00 aHamuTHUECKON Hepa3pemuMocTH 3aaa4u Komm as ypas-
HEHHS TETUIONPOBOAHOCTH, TOCTABIECHHON MO TEMIEPATyPHbIM HAYaJIbHBIM JIAHHBIM.

OcHoBHBIE pe3yJbTaThl PaOOTHI CIEAIONIHE:

[Tonyden kputepuil IPOAOJLKMMOCTA KPaTHOTO CTEIEHHOTO psifa 4Yepe3 rpa-
HUYHOE MHOKECTBO IMOJIMAYT Ha SI3bIKE aCUMITOTUYECKOTO MOBEACHUS 1ENon (PyHK-
MW, UHTEPIIONUPYIOLIEH KO3PPULIUEHTHI psa.

JIns. OMTHOMEPHBIX PAIOB HAWICHBI YCIOBUS JOKAJIBHON MPOAOJIKUMOCTH Psia
4yepe3 TPaHUYHYIO YTy, ¥ YCIOBUS MPOJOIKUMOCTH Psifia B CEKTOPHAIBHYIO 001acTh,
UCIIOJIb3YsI MEpOMOP(HBIE HHTEPIIOIAIUN KOI(DPHUITMEHTOB pAa.

[TocTpoeHa JlakyHapHas IKaJla CTENEHHBIX PSJIOB OAHOTO NEPEMEHHOT0, HEMPO-

JOJIKUMBIX 32 MPeebl Kpyra CXOAUMOCTH U OecKoHeuHO AudpepeHipyemMbIX B 3a-



MBIKaHUM Kpyra, BKJItodaromas B ceds psabl Opearonsma. Ha ocHOBe 3TOW IIKaibl
IIOCTPOEHBI MPUMEPHI KPATHBIX CTEIEHHBIX PALOB C AHAJIOTMYHBIMU CBOMCTBAMU B

CAMHNYHOM IIOJIHUKPYIC.



